Dynamic analysis of a rotor-bearing-pedestal system with multiple bearing clearances is conducted in this study. Firstly, Jones-Harris method is used to deduce the equivalent nonlinear support stiffness of angular contact high-speed ball bearing with preload considered. Ignoring the structural deformation, the contact model of inner and outer rings with clearance is used to describe the clearance fit between the outer ring and the sleeve, and between the sleeve and the bearing pedestal. Based on Hertz contact theory, the discontinuous and nonlinear support stiffness is then obtained. The lumped parameter model of rotorbearing-pedestal system is established and verified based on dynamic test results. Based on this, the influence of clearance fit parameters and external excitation parameters on the vibration response amplitude of the system is analyzed. When the radial displacement is greater than the fit clearance, the radial support stiffness changes abruptly and increases rapidly. If it increases to a certain value, the increase of radial stiffness would slow down. The vibration response curve appears sub-harmonic resonances and amplitude jump. The increase of the fit clearance aggravates the vibration response level, the resonance speed of the system moves to the low speed, and the jumping phenomenon becomes more prominent, which is not conducive to the stable operation of the rotor system.
I. INTRODUCTION
In order to facilitate assembly and reduce the adverse effects of working state changes (such as temperature rise) on the operation of the rotating machinery, it is an effective way to design reasonable clearance in the bearing structure [1] . However, the bearing fit clearance brings discontinuous characteristics of bearing stiffness, which might have a negative impact on the dynamic characteristics of high-speed flexible rotor. In order to reasonably design the mating clearance and ensure the stable and reliable operation of the highspeed flexible rotor, it is necessary to study the mechanical behaviors of the fit clearance and its influence on the dynamic characteristics of the flexible rotor [2] - [4] .
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The internal radial clearance of rolling bearings is one of the most concerned fit clearances in the existing literature. Many scholars have carried out nonlinear dynamic analysis [5] - [7] , and discussed the instability of the rotor system caused by the bearing radial clearance [8] , [9] . It was found that under certain conditions, chaotic bifurcation and other complicated nonlinear phenomena would also occur [10] - [13] . In addition, bearing pedestal is generally connected to the ground through bolts. Under severe working conditions, the bolts may be loose, resulting in a clearance between the pedestal and the ground, also known as the pedestal looseness [14] . Many scholars have also conducted rotor dynamic studies considering the pedestal looseness [15] - [18] . The coupling effects of pedestal looseness with other faults, such as rotor imbalance [19] , rotorstator rubbing [20] , [21] , crack shaft [23] , and rolling bearing VOLUME 8, 2020 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ fault [24] - [26] on the nonlinear rotor system were also evaluated.
There are also multiple fit clearances between the bearing outer ring and the sleeve, and between the sleeve and the pedestal. The existence of these clearances will also have a significant impact on the dynamic characteristics of the rotor system. In contrast, there are fewer studies in this area. Very recently, Wang et al. [27] drew lessons from the rotor-stator rubbing model and deduced the fit clearance model considering the directions of relative motion between the bearing outer ring and the pedestal. Modal tests and simulations have been conducted to verify the correctness of the model. Based on the rotor rigid element model and lumped parameter model, Cao et al. [28] established a model considering the fit clearance between the bearing outer ring and the pedestal, and the phase trajectory plots were used to illustrate the stability changes of the system under the influence of the fit clearance. These studies assumed that the contact stiffness between the bearing outer ring and the pedestal is constant. However, due to the existence of fit clearance and the Hertzian contact, contact stiffness is generally discontinuous and nonlinear, especially for the case of large vibration amplitude. In addition, the influence of multiple fit clearances between the bearing outer ring and sleeve, and between the sleeve and the pedestal has not been considered in current research.
Therefore, the nonlinear dynamics of rotor-bearingpedestal systems with multiple fit clearances is studied in this paper. Firstly, using the Jones-Harris model [29] , the equivalent nonlinear support stiffness of an angular contact high-speed ball bearings considering the preload is deduced. Neglecting the structural deformation, the contact of inner and outer rings with clearance is adopted to describe the clearance fit between bearing outer rings and sleeves, and between sleeves and pedestals. Then, based on Hertzian contact theory, discontinuous and nonlinear support stiffness considering fit clearance is derived accordingly. Considering various external excitations, including static/dynamic unbalance excitations and bearing waviness excitations, a lumped parameter model of the rotor-bearing-pedestal system is established. Based on a three-axis dynamic fore test platform, dynamic tests are carried out and compared with the simulation results. Based upon this, the effects of various parameters (including clearance length and unbalance mass) on the amplitude of the system vibration response are analyzed. Finally, some conclusions are summarized.
II. THEORETICAL MODELING AND ANALYSIS
The schematic diagram of the high-speed rotor-bearingpedestal system for this study is shown in Fig. 1 . A pair of angular contact ball bearings installed face to face are used to support the rotation of the flywheel rotor. There is a cylindrical sleeve between the bearing outer ring and the pedestal. Usually, the inner ring of the bearing and the rotor shaft are interference fit, while the bearing outer ring and the cylindrical sleeve are clearance fit. In addition, the outer surface of the sleeve and the pedestal are also clearance fit, which can effectively avoid the bearing jam caused by the thermal expansion of the rotor. In the following research, a nonlinear support stiffness model of angular contact ball bearing under preload, nonlinear stiffness model caused by the clearance fit between the bearing outer ring and sleeve, and between sleeve and pedestal, will be established in turn.
A. NONLINEAR SUPPORT STIFFNESS OF ROLLING BEARINGS
Angular contact bearings usually require preloading. Once preloading is applied, the contact angle will change, and with the increase of preloading, the contact angle will continue to increase. Then the load distribution and support stiffness are changed accordingly. Therefore, the relation between nominal contact angle and actual contact angle under specific preloading should be obtained firstly.
As shown in Fig. 2 , an axial preload F a is applied on the bearing inner ring, which causes the overall axial displacement of the inner ring δ a . From the geometries in the figure, the relation between the axial displacement and the normal deformation along the contact zone can be expressed as follows [29] :
where α 0 is the nominal contact angle, α is the actual contact angle after the action of preload.
and D denotes the ball diameter, r i , r o are curvature radius of inner and outer ring raceways. According to the Hertzian contact theory [29] , the normal contact force is calculated by
In which K n denotes the Hertzian contact stiffness coefficient. Based on the force balance condition, the relation between the axial preload and normal contact force is obtained by 
where Z is the ball number. An axial deformation constant K, defined by Jones [29] , is introduced and the contact stiffness coefficient could be rewritten as follows
By substituting (4) into (3), one has 
Obviously, (5) is a nonlinear equation. The actual contact angle of the rolling bearing under specific preload can be obtained by solving (5) iteratively.
It is assumed that under the combined action of axial and radial loads, the inner and outer rings of the rolling bearing keep parallel, and the displacements along the two directions are denoted by δ r and δ a . As shown in Fig. 3 , the angular position ψ is clockwise azimuth with zero at the maximum deformation. Obviously, the maximum contact deformation occurs at ψ = 0. the maximum deformation can be expressed as follows:
According to the Hertzian contact theory, the maximum contact force is then obtained by
where K p is the contact stiffness of point-contact. For the steel ball and rings, one has K p = 2.15×10 5 ρ −0.5 δ * −1.5 , and ρ denotes the sum of curvature coefficients and δ * denotes dimensionless contact deformation coefficients.
According to the load balance condition, with the assistance of Jones' radial and axial integral formula J r ( ) and J a ( ), the radial and axial external loads applied on the bearing inner ring can be obtained as follows [29] :
denotes the load distribution coefficient. Usually, the radial displacement of the inner ring is synthesized along two transversal displacements, i.e. δ x and δ y , and one has
The angle θ with respect to the x axis is
Obviously, one can obtain the radial load along the two directions as
Therefore, the external forces acting on the bearing inner ring can be obtained through the above analysis when the axial and radial displacements are given. The local linear support stiffness can be obtained by the force-displacement relationship.
B. TRANSVERSAL STIFFNESS OF CLEARANCE FIT
As shown in Fig. 1 , there are two sources of fit clearance in the rotor system: (1) fit clearance between the bearing outer ring and cylindrical sleeve, and (2) fit clearance between the cylindrical sleeve and pedestal. The two sources of fit clearance could be simplified as the contact problem of inner and outer cylindrical rings with clearances, as shown in Fig. 4 . It is assumed that the structure is rigid and only the contact deformation is considered.
Under the action of radial load, the contact deformation at any point of the inner ring can be expressed as where δ r denotes the radial displacement of inner ring, P d is the diameter clearance between the inner and outer rings, ψ is the azimuth angle at the starting point of the maximum contact deformation, as shown in Fig. 4 . Equation (13) could be rewritten as a function of the maximum contact deformation (δ max )
. From (13) , one can also obtain the angle range of load distribution as
If the clearance is ignored, then one has ψ l = π 2 . According to the Hertizan contact theory, the contact force is determined by the contact deformation
where Q max = K l (δ max ) 10/9 is the maximum contact force, K l is the contact stiffness of line-contact. For the steel inner and outer rings, one has K l = 8.06×10 4 l 8/9 , wherein l is the axial length of the rings. Based on the static force balance condition, it is easy to obtain
cos ψ dψ (17) In general, the radial displacement of the inner ring is obtained by combining the two lateral displacements δ x , δ y as
And the angle θ with respect to the x-axis is
Obviously, the radial force components along the x-axis and y-axis are expressed by
Therefore, the external force applied on the inner ring can be obtained by the above analysis when the radial displacement is given. The local linear stiffness can be obtained by the force-deformation relationship.
C. DYNAMIC MODEL OF THE ROTOR-BEARING-PEDESTAL SYSTEM
The flywheel rotor is a complex spoke structure. Ignoring the structural vibration of the rotor itself, the rotor, bearing and pedestal are regarded as concentrated masses, and the rigidflexible coupling dynamic model is established and shown in Fig. 5 . Considering five degrees of freedom of the rotor, including translations along three directions (u fw , v fw , w fw ) and angular deflections around X fw , Y fw axes (θ u fw , θ v fw ), the equations of motion for the flywheel rotor can be derived as (21) , as shown at the botttom of the previous page. m fw , I dfw , I pfw are the mass, diametric and polar moments of inertia of the flywheel, k lbx , k rbx , k lby , k rby , k lbz , k rbz denote the equivalent nonlinear supporting stiffnesses of left and right rolling bearings, whose value could be determined through the method introduced in previous sections. f u1 , f u2 , T u1 , T u2 are forces and moments caused by the unbalanced excitation of the flywheel.
The actual flywheel spokes and hub are combined by machining and assembling, so there is inevitable mass imbalance. In this study, two types of unbalanced excitation are considered: static imbalance and dynamic imbalance, as shown in Fig. 6 . For the static imbalance, time-varying forces are induced along two axes f u1 , f u2 , and the expressions are given as follows
where U s = m s r ms denotes the static mass imbalance with the initial phase angle ϕ s . For dynamic imbalance, time-varying moments are induced, and two components T u1 , T u2 along the two axes are expressed by
where U d = m d r md h f denotes the dynamic mass imbalance with the initial phase angle ϕ d . The outer ring and the installation structure of the bearings at the left and right ends are, respectively, simplified as the concentrated mass m l1 , m l2 and m r1 , m r2 , which have two lateral degrees of freedom u l1 , u l2 , v l1 , v l2 and u r1 , u r2 , v r1 , v r2 , as shown in Fig. 5 . For the concentrated mass at the left end, according to the equilibrium relation of the force, the differential equations of motion can be obtained as follows
where k lx1 , k ly1 and k lx2 , k ly2 respectively represent the nonlinear support stiffness between the outer ring of the left bearing and the sleeve, and between the sleeve and the pedestal installation structure. Through the analysis in the previous section, the specific values of these stiffnesses can be obtained. Similarly, the differential equation of motion of the right end concentrated mass can also be obtained as follows
In which k rx1 , k ry1 and k rx2 , k ry2 represent the nonlinear support stiffness between the outer ring of the right bearing and the sleeve, and between the sleeve and the pedestal installation structure, respectively. Through the analysis in the previous section, the specific values can also be obtained. Through the above analysis, the vibration equations of the subsystems are obtained. The vibration analysis model of the whole rotor-bearing-pedestal system is obtained by assembling the subsystems' equations
where
, v r2 ] T denotes the vector of degrees of freedom, M, K 1 , C 1 , G are the mass, stiffness, damping and gyroscopic matrices of the system, F e , F g denote vectors of the unbalanced excitation and self-weight excitation. Through assembling the coefficient matrices and external excitation vectors of each subsystem, the above matrices and vectors can be obtained, respectively. The expressions are given as follows M = diag m fw , m fw , m fw , I dfw , I dfw , m l1 , m l1 , m l2 , m l2 , m r1 , m r1 , m r2 , m r2 (29) 
Obviously, due to the multiple fit clearances, the elements in the stiffness matrix K 1 are composed of the nonlinear stiffness of the bearing and the nonlinear stiffness of the supporting system. Since these stiffness elements are all related to the relative motions of the flywheel rotor and the concentrated mass of the support, and the fit clearances between the inner and outer rings of the bearing, sleeve and pedestal structure, K 1 is a non-linear matrix related to the degree of freedom vector q of the system. In order to solve the vibration model of the rotor-bearing-pedestal system shown in (28) , numerical iteration integration is needed.
III. MODEL VALIDATION A. DYNAMIC TEST PLATFORM
In order to verify the accuracy of the model proposed in this paper, based on the three-axis dynamic force measuring platform, dynamic tests on a rotor-bearing-pedestal system are carried out, and the test schematic diagram is shown in Fig. 7 . The rotor system is fixed on the three component force measuring platform by bolts, and the rotor is driven by an electric motor. The real-time dynamic forces are output by the analog voltage signal, which is processed and analyzed by data acquisition system. A photo for the whole test system is shown in Fig. 8 . 
B. COMPARISONS
The parameters of the test rotor-bearing-pedestal system are shown in Table 1 . High-speed angular contact ball bearing (B7005) is adopted, and the structural parameters are shown in Table 2 . In the simulation, it is assumed that the fit clearance between the outer ring and the sleeve of the left and right bearings is 1e-3 mm, and the fit clearance between the sleeve and the support is 1e-3 mm. It is inevitable that there is waviness in the inner and outer raceways of the actual bearing, which causes the external excitation of the rotor system. In order to verify the model conveniently, the influence of bearing waviness should be considered. Due to the limitation of experimental conditions, the surface waviness of bearing raceways could not be measured accurately. In this study, the waviness amplitude along the circumferential and axial direction of the inner and outer raceway is given as 1e-4 mm, the order is taken as twice of the number of rolling balls, that is, 2Z = 28, and the phase is set to zero. According to the existing research, the characteristic frequencies of the waviness of the inner / outer raceway are respectively f in = n 2 1 + D d e cos α 0 n = 1, 2, 3, . . . where d e is the bearing pitch diameter. According to the parameters of Tab. 2, one has f in ≈ 0.59n and f om ≈ 0.41m • By substituting the rotor and bearing parameters, given in Table 1 and Table 2 , into the established vibration model, and using the numerical integration method, the response spectra of x-direction dynamic force when rotor speed is 6500 rpm and 9500 rpm are respectively calculated and shown in Figs. 9 and 10 . Test results are also given for comparisons. Obviously, the dominant spectral components are rotating frequency ( ) and its harmonics (2 , 3 ). The frequencies related to the inner waviness f i2 , f i4 , f i6 and the outer waviness f o1 , f o5 are found in the spectra. Moreover, combination frequencies of waviness frequency and rotating frequency, i.e. + f i1 , 2 − f i1 , + f o5 , are also found. This is owing to the nonlinear characteristics, resulting in the coupling between the waviness and the unbalanced response of the rotor.
Compared with the test spectra, theoretical results basically reflects the frequencies of rotation and inner/outer waviness. For the purpose of quantitative analysis, Tables 3 and 4 respectively compare the frequency spectrum results of the rotor under two speeds. On the whole, the frequency values are in good agreement with the amplitude deviation, but basically within the same order of magnitude, so it can be considered within a reasonable range. Therefore, the theoretical model is feasible. The difference of the frequency value is caused by the error between the geometrical parameters of the bearing in the model and the actual geometrical dimensions of the bearing. The actual waviness amplitude is not measured, resulting in the greater deviations in response amplitudes.
IV. ANALYSIS AND DISCUSSIONS A. NONLINEAR STIFFNESS CHARACTERISTICS
Firstly, the nonlinear stiffness of rolling bearing is discussed. Fig. 11 shows the curve of bearing stiffness with displacement under different preloads. It is shown that with the increase of radial displacement, the radial stiffness of bearing decreases first and then increases. This is due to the existence of axial preload, which makes all the rolling elements fully contact with the inner and outer raceways in the initial state. Once the radial load is applied, the contact load of the rolling elements in the no-load area is reduced until zero, so the radial stiffness is first reduced with displacement. As the radial displacement continues to increase, the contact load of the rolling element in the load area increases, which makes the radial stiffness increase. With the increase of preload, the radial stiffness also increases, especially when the radial displacement is lower (< 0.005 mm), the increase of preload on the radial stiffness is more significant. Fig. 11 (b) shows that the axial stiffness increases approximately linearly with the axial displacement, and the increase of preload makes the overall axial stiffness greater. Fig. 12 shows the curve of equivalent radial stiffness with displacement under different fit clearance. It can be seen that when the radial displacement does not exceed the fit clearance, the equivalent radial stiffness is zero. Once the radial displacement is greater than the fit clearance, the radial stiffness changes abruptly and increases rapidly. If the radial displacement exceeds a certain value and continues to increase, the increase of the radial stiffness slows down. With the increase of fit clearance, the position where the radial stiffness changes abruptly also declines. Under the same radial displacement, the radial stiffness decreases with fit clearance. However, when the radial displacement is larger enough, the change of fit clearance has little effect on the radial stiffness. Fig. 13 shows the change of RMS value of rotor system vibration response with rotating speed when the unbalanced excitation increases from 0.4 g.cm to 1.2 g.cm. For the x-direction vibration response, the peak values appear at 8000 rpm, 4000 rpm and 2000 rpm. The speed of 8000 rpm is called the primary resonant speed, and the other two are called the sub-harmonic resonant speeds. At these resonance speeds, the phenomenon of amplitude jump is also accompanied, which is mainly caused by both bearing and clearance fit nonlinearities. For the y-direction response, as the gravity force is the dominant force, so the response amplitude changes little at 0-10000 rpm. Except for at the resonant speeds, the amplitude decreases and has a certain jump. With the increase of unbalance mass, the response amplitude changes little in the range of 0-8000 rpm. In the region higher than 8000 rpm, the response amplitude increases (for x-direction vibration) or decreases (for y-direction vibration). 
B. EFFECT OF UNBALANCED MASS

C. EFFECT OF FIT CLEARANCES
The influence of two fit clearances is considered here. When the fit clearance between the bearing outer ring and the sleeve P d1 increases from 2e-3 mm to 30e-3 mm, the system responses in both x-and y-directions are shown in Fig. 14. It is shown that with the increase of fit clearance, the response amplitude increases in the whole speed range, especially when the speed is greater than 2000 rpm. This shows that the increase of fit clearance aggravates the vibration response level and is not conducive to the stable operation of the rotor system. In addition, with the increase of the fit clearance, the resonance speed of the system moves to the low speed, and the jumping phenomenon becomes more prominent. This is owing to the overall reduction of radial stiffness, and more significant non-linear effect. Fig. 15 shows a similar change of the response amplitude of the system with the increase of fit clearance between the sleeve and pedestal. It is noticed that the response amplitude does not increase much when the fit clearance is increased at some speed within 8000 rpm-10000 rpm. For the rotor system concerned in the study, the working speed is generally within this speed range. The vibration response of the system can be kept at a low level by reasonably designing the fit clearance and working speed.
V. CONCLUSION
In this paper, the dynamics of rotor-bearing-pedestal system with multiple fit clearances is studied. The equivalent nonlinear stiffnesses of both angular contact high-speed ball bearing with preload and the clearance fit are derived respectively. Then, the lumped parameter model of the system is established, and verified by dynamic test. Based on this model, the influence of unbalanced excitation parameters and clearance fit parameters on the vibration response amplitude of the system is analyzed. The conclusions are summarized as follows:
(1) With the increase of radial displacement, the radial stiffness of bearing decreases first and then increases. With the increase of preload, the radial stiffness also increases, especially when the radial displacement is lower. The axial stiffness increases linearly with the axial displacement, and the increase of preload makes the overall axial stiffness greater.
(2) When the radial displacement is greater than the fit clearance, the radial support stiffness changes abruptly and increases rapidly. If it increases to a certain value, the increase of radial stiffness would slow down. For the large radial displacement, the change of fit clearance has little effect on the radial stiffness.
(3) The vibration response curve appears sub-harmonic resonances and amplitude jump. With the increase of unbalance mass, the response amplitude changes little in the low speed region, and increases (for x-direction) or decreases (for y-direction) in the high speed region.
(4) The increase of the fit clearance aggravates the vibration response level, the resonance speed of the system moves to the low speed, and the jumping phenomenon becomes more prominent, which is not conducive to the stable operation of the rotor system.
